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Vlasov-Fokker-Planck equation and applications to ICF
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Macroscopic (hydro) approaches can probe a fraction of the entire HED 
parameter space and kinetic models are required to access broader range
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Hydrodynamic (Euler) equations:
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a particular asymptotic limit of VFP for 𝜆%&' ≪ 𝐿 and 𝜏%&' ≪ 𝜏



ICF implosions are riddled with plasma kinetic effects

• LPI effects (fundamentally kinetic)
– Backscattered and “sprayed” laser energy
– Cross-beam energy transfer (CBET)

• Multi-ion effects due to differential motion and heating of various ion species (exist in 
fluid limit, but are strongly enhanced by kinetic effects)
– Capsule’s fuel composition modifications (fuel segregation)
– Mix at interfaces
– Ion interpenetration and nonlocal electron transport in Hohlraums

• Recent OMEGA campaigns and other dedicated experimental campaigns have 
highlighted serious deficiencies in our ability to
– Predict capsule compression and yield (both are over-predicted)
– Predict time-dependent core mix (especially when hydro instabilities are not expected to play a role)
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Compression: 
Often over-predicted by hydro simulations

Li et al., PRL 100, 225001 (2008) 

20-μm thick CH shell, 15 atm. H2 fill

from !" 109 to !108 V=m (Fig. 5). Figure 5 also shows
experimental field values deduced from the data of
Fig. 2(a) [22]. The predictions corroborate the data in three
crucial ways: the field strength and sign before the reversal
(!"109 V=m, directed inward), the time of the field
reversal (!1:5 ns), and the field strength after the reversal
(!108 V=m directed outward). Furthermore, simulations
of image formation show that only if the effects of the
fields are added to the effects of scattering can the peaks
and dips of the simulations plausibly match the data. This
match leads to a high level of confidence that rpe is the
probable source of the observed phenomena. Note that the
detailed structures of the fluence images are also modified,
in ways that do not affect our conclusions, by the in-flight
movement of the shell (Vimp !"2:5# 107 cm=s), which
is !30 !m during the backlighter burn time (!130 ps.)

Quantitative information about capsule sizes and "Rs at
different times is extracted from line outs through the
images in Fig. 2(b); the mean width provides the average
capsule size ($2R), while the mean height indicates the
total "L ($2# "R). The data are contrasted with LILAC
simulations in Fig. 6; the simulations come reasonably
close to matching the observed evolution of capsule con-
vergence and "R during the acceleration and coasting
phases (!0–1:6 ns), but predict smaller values of radius,

and larger values of "R, than measured at the times of
nuclear burn (!1:9 ns) and peak compression (!2:1 ns).
This indicates that the implosions had approximately 1D
performance, with little impact from hydrodynamic insta-
bilities, before deceleration. It has been suggested that
performance approaches 1D because of full single-beam
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FIG. 4 (color online). Profiles of electron pressure (solid lines)
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FIG. 5 (color online). Radial E fields estimated from experi-
mental measurements (open circles) and from LILAC simula-
tions (solid circles) vs implosions times. Horizontal error bars
represent uncertainties in backlighter burn time. Vertical error
bars are about the size of the symbols.
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FIG. 6 (color online). Measured capsule radii [solid circles,
(a)] and "R [solid diamonds (b)] compared with LILAC 1D
simulations (solid lines). Horizontal error bars represent uncer-
tainties in backlighter burn time. The open diamond point in (b)
represents the "R of a comparable implosion of a D3He-filled
capsule at bang time, measured by several proton spectrometers
in different directions; this completely different type of mea-
surement is statistically consistent with the data derived here
from radiography images.

PRL 100, 225001 (2008) P H Y S I C A L R E V I E W L E T T E R S week ending
6 JUNE 2008

225001-3
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Yield: Rad-hydro fails to capture yield decrease with 
decreasing fuel fill pressure

Hydro Kinetic
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Rosenberg et al, PRL 112 (2014)

3/17/21 |   6Los Alamos National Laboratory



Mix: Exploding pusher experiments demonstrate ~10% fuel-
shell mix prior to deceleration (no hydro growth)
Deuterated capsules

Rinderknecht et al., PRL 112, 135001 (2014) 
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Numerical Challenges



The equation is high-dimensional, integro-differential and 
heavily constrained (conservation and positivity)
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+ Maxwell’s equations…
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High dimensionality (3D+3V), exceedingly multiscale
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However,  system-scale kinetic simulation requires several enabling 
capabilities that can efficiently and accurately span scales
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Phase-Space Curse of Dimensionality : Kinetic description introduces 
additional challenges in dealing with disparate phase-space scales
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The collisional diffusion operator imposes extreme 
constraints on explicit time-integrators
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𝚫𝐭𝒆𝒙𝒑 ∝ 𝝉𝒄𝒐𝒍,𝒑𝒖𝒔𝒉𝒆𝒓𝚫𝐯𝟐~𝟏𝟎;𝟏𝟐 [ns] (dynamically irrelevant)
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Nt >= 1012-1013 with explicit time integration
even though relevant physics only happens on 
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Physics-based moving phase-space grid strategy with 
discrete mass, momentum, and energy conservation



We have explored moving phase-space grid strategy in 1D2V to address 
the length and velocity scale challenges
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We solve for x-grid position based on error equidistribution principle with a 
nonlinear optimization step to stabilize grid evolution:

𝜕!𝑥∗ = 𝜏-#*𝜕. 𝐿)#*𝜕.𝑥∗

min𝔽(𝑥∗) → 𝑥 where 𝔽 is a cost function which leads to a corrected grid, x, 
which leads to an optimal balance between grid quality and grid evolution

𝑳𝒗𝑵𝒗 𝟑 ≈ 𝟏×𝟏𝟎𝟓 𝑵𝒙𝟑 ≈ 𝟏×𝟏𝟎𝟕



All this amounts to transforming the VFP equation into the new 
curvilinear coordinate system with additional inertial terms
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inertial terms/Christoffel symbols
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• 𝕁: Jacobian of transformation
• ⃗̇𝑟O: contravariant component of configuration grid velocity 
• �⃗�O: contravariant component of particle velocity
• ?⃗𝑎: Lorentz force in the new velocity coordinate system
• ?⃗𝑎P: Fictitious acceleration terms due to expansion/contraction of velocity grid



But naïve discretization of transformed equation breaks discrete 
conservation principle (conservation holds in the continuum)
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• Case study (total energy conservation): 
– Single species
– Spatially homogeneous (0D) 
– No background EM field
– Maxwellian distribution (null-space of FP)
– But with 𝒗∗ and 𝒖∗ changing in time

The total energy of system is defined as: 

𝐽𝑈 =
�⃗� ⋅ �⃗�
2 , 𝐽𝑓

"
Energy conservation is defined as: 
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For the time being, we rely on the method of discrete nonlinear constraints 
to ensure that discrete conservation symmetries are enforced
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In general, an arbitrary discretization leads to: 
< �⃗� ⋅ �⃗�, 𝛿# 𝐽𝑓 − 𝛿$" ⋅ 𝐽 𝛿#�⃗� 𝑓 >&" =
< 1, 𝛿# �⃗� ⋅ �⃗�, 𝐽𝑓 >&" +𝑂(Δ𝑣', Δ𝑡()

Add an additional degree of freedom: 
𝜕# 𝐽𝑓 − ∇$" ⋅ 𝛾𝐽 𝜕#�⃗� 𝑓 = 0

where 𝛾 = 1 + 𝑂(Δ𝑣', Δ𝑡()

Such that, we discretely satisfy the continuum symmetry/constraint: 
< �⃗� ⋅ �⃗�, 𝛿# 𝐽𝑓 − 𝛿$" ⋅ 𝛾𝐽 𝛿#�⃗� 𝑓 >&" =< 1, 𝛿# �⃗� ⋅ �⃗�, 𝑓 >&"

The use of skew brackets are currently in the planning to ensure automatic 
(structure preserving) conservation properties of the inertial terms



Lack of conservation can lead to catastrophic failure of simulations
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HOLO accelerated fully nonlinearly implicit solver



Nonlinearly implicit solvers can stably and accurately step over stiff time-scales
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𝚫𝐭𝒆𝒙𝒑 ∝ 𝝉𝒄𝒐𝒍,𝒑𝒖𝒔𝒉𝒆𝒓𝚫𝐯𝟐~𝟏𝟎5𝟏𝟐 [ns] (but dynamically irrelevant)
𝝉𝒅𝒚𝒏𝒂𝒎𝒊𝒄𝒂𝒍~𝟏𝟎5𝟑 [ns]
𝒕𝒔𝒊𝒎 = 𝟏~𝟏𝟎 [ns]

Nt >= 1014-1015 with explicit time integration

Nt ~ 103-104 with fully implicit solvers



Need nonlinearly implicit method to step over stiff τcol
BUT with a catch…
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• Both Newton and (accelerated) Picard requires a Jacobian/map:

• If              , Newton and if               , Picard:

• Typically, one only retains the local piece [bad if Δt>>τcol (nonlinear iteration 
grows out of control)]
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we exploit the relationship between kinetic and moment equations
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Kinetic system (3D3V) Moment system (3D)

consistent 
representation

consistent physics

closurefor collisionally dominated 
system, stiff physics are captured

by first three moments 
(Navier Stokes)



Key: Decompose operators in terms of stiff hydrodynamic (LTE) component and perturbation. 
Let LO system deal with stiffness while HO system only deals with perturbations, and 

provide closures to the LO system
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V X NKY C&C;JFNZZ [FY%Y YDJB
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Iterate HO and LO system to convergence
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⇢LO, ⇢uLO, ⇢eLO

t
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HO System (Picard linearized system)LO System (Nonlinear system)



HOLO truly enables integrated ICF type problems by being able to efficiently 
step over dynamically irrelevant stiff collision time scales
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AA (m=10): Anderson acceleration with m=10 
nonlinear histories on a Quasi-Newton (sparse 
Jacobian representation) fixed point iteration scheme
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Physics demonstration:
ICF exploding pusher problem



iFP: A hybrid 1D2V VFP code for spherical implosion 
simulations of ICF capsules
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• Hybrid VFP ion (arbitrary species) and fluid electron with 
quasi-neutrality and ambipolarity

• 1D2V spherical radial and cylindrical velocity space 

• Electrostatic (Ohm’s law)

@tf↵ +rx · (~vf↵) +rv · (~af↵) = rv ·
h
D� ·rvf↵ � ~A�f↵

i
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Omega 95500 exploding pusher experiment 
collaboration with Owen Mannion (U. Rochester), Brian Appelbe and Aidan Crilly (Imperial Colelge)
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• Experiments have seen anomalous nuclear yield reduction and 
lower reaction inferred ion temperatures (than radhydro)

• Experimental conditions support strong kinetic effects

𝐾𝑛 = ^012

_'32$4/5
≥ 1 for an appreciable duration of the simulation

• Good integrated problem for demonstrating combined strategy 
𝜏ABC
Δ𝑡YR[

> 10`

𝑁T𝑁R JNDNF%~10WW

Obs. Rad hydro Experiment (95500)

TDD (keV) 21.3 13.1±1.25

TDT (keV) 19.9 14.2±0.40

YDD 1.77x1011 1.44x1010

YDT 3.67x1013 1.54x1013



iFP simulations is initialized using Radhydro solution at 
time when most of fuel fully ionized
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• nH, uH, vth,H obtained from 
radhydro simulation at specified 
Lagrangian zone inside the pusher

• iFP is driven by time-dependent 
Maxwellian with rad-hydro state 
variables:

fiFP,B =
nH

⇡3/2v3
th,H

e
� (~v�~uH)2

v
2
th,H
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end time 

SiO2

DT



Significant amount of SiO2 ablator mix to center of fuel

3/17/21 |   30Los Alamos National Laboratory



kinetic effects alters implosion dynamics and 
modifies neutron spectrum
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DT Neutron energy spectrum DD Neutron energy spectrum

Apparent ion temperature of the plasma is inferred from the width of these spectra



kinetic effects captures order of magnitude correction in yield and brings
inferred temperature closer to experiment
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Obs. LILAC (Rad hydro) iFP Experiment (95500)

TDD (keV) 21.3 15.2 13.1±1.25

TDT (keV) 19.9 17.2 14.2±0.40

YDD 1.77x1011 1.74x1010 1.44x1010

YDT 3.67x1013 1.84x1013 1.54x1013



The simulated neutron energy spectra can be converted into synthetic nTOF data using 
the detector response function1 and detector backgrounds
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Comparison of OMEGA DD dataComparison of OMEGA DT data

1 Z.L. Mohamed, O.M. Mannion, E.P. Hartouni, J.P. Knauer, and C.J. Forrest, J. Appl. Phys. 128, 214501 (2020).



The combined algorithm provides us with over 1012

reduction in computational complexity
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Simulation takes <24 hours on 386 cores



Summary and Next Step
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• Summary
– r-adaptive (moving) phase-space grid with discrete conservation

• Allows for more than 7 orders of magnitude saving in computational unknown in implosion problem
• Conservation achieved via method of discrete nonlinear constraint

– Fully nonlinear implicit time integration via HOLO nonlinear accelerator
• Avoids the need of explicitly constructing and inverting a dense Jacobian
• Allows one to take time-step size on order of dynamical time scale

– The combined strategy is used to solve practical ICF implosion problem to aid experimental design
– Using the new capability to resolve long standing mysteries and helping design new experiments to further our 

understanding of HED physics

• Ongoing work
– Kinetic electrons with Maxwell’s equations in spherically imploding system to model non-local heat flux from 

critical surface into capsule (transfer of laser energy into fuel): Steven E. Anderson
– Coupling radiation transport (Boltzmann-photon) with plasma: Hans R. Hammer
– 3D3V extension to investigate geometric effects: William T. Taitano
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Extension to 3D3V



Extension to 3D3V: We adopted a hybrid coordinate system
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• Transformed Vlasov and fluid electron equation (for now; extension to Fokker Planck in planning):

𝜕 𝕁𝑓
𝜕𝑡

+ ∇. ⋅ 𝕁 ̅̅𝐽. �⃗�6 − 𝑤- 𝑓 + ∇78& ⋅ 𝕁
̅̅𝐽9:' 𝑎 − 𝑎

; 𝑓 = 0

3
2
𝜕𝕁<𝑃=
𝜕𝑡

+ ∇. ⋅ 𝕁< 𝑢= − 𝑤- 𝑃= + 𝕁<𝑛=u= ⋅ 𝐸 = 0

• 𝑓 = 𝑓 𝜉, �⃗�6 , 𝑡 : Distribution function

• ̅̅𝐽. =
>.
><⃗

: Contravariant Jacobian matrix for configuration block and 𝕁< = det ̅̅𝐽.
#*

• ̅̅𝐽9:' =
> 9:'
>:

: Contravariant Jacobian matrix for velocity block and 𝕁: = det ̅̅𝐽9:'
#*

• 𝕁 = 𝕁.𝕁9:' : Composite Jacobian

• 𝜉 = 𝜉*�̂�* + 𝜉@�̂�@ + 𝜉A�̂�A: Cartesian logical space [i.e., physical coordinates are represented as 𝑟 = 𝑟 𝜉, 𝑡 ]

• �⃗�6 = 𝑣∗ R𝑣 𝑆BC𝐶DC�̂�+ + 𝑆BC 𝑆DC �̂�E + 𝐶BC�̂�F : Proj. of part. vel (sph coord) into the Cart. lab-frame [𝑣∗ = 𝑣∗ 𝜉, 𝑡 is the normalization speed]

• 𝑤- =
><⃗
>!

: Grid velocity

• 𝑎 = G
H
𝐸 + �⃗�×𝐵 : Lorentz force in the Cart. Coord. Simplifies momentum conservation. (note, 𝐵 is an external magnetic field in this work).

• 𝑎; = *
:∗

>:'
>!
+

:'#I)
*
⋅𝕀⋅+,'

+-
:∗

: Inertial terms due to velocity grid expansion and contraction (mean shifting also in plans)



Advantages of the hybrid representation
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• Configuration Space: Moving mapped (non-orthogonal) grid
– Allows for geometric conservation laws to be trivially ensured for arbitrary coordinates

• Velocity Space: Normalize spherical coordinates (laboratory frame)
– Allows for �⃗� ⋅ �⃗�×𝐵 = 0 to automatically be ensured
– Naturally adapts velocity domains to the heating/cooling plasmas

• A composite transformation with block diagonal Jacobian matrix:

– ̅̅𝐽 =
̅̅𝐽W >>0
>>0 ̅̅𝐽$

𝕁 = det ̅̅𝐽
XY
= 𝕁W𝕁$

– Allows for an efficient decoupling of grid adaptation strategy between 𝜉 and D⃗𝑣 space



Geometric Conservation Law (GCL) in Configuration Space
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• Consider an advection equation for a scalar, 𝜙 ,with a velocity field, �⃗� = 𝑣𝐶 where 𝐶 ∈ ℝZ is an 
arbitrary, constant vector (e.g., particle direction):

𝜕 𝕁a𝜙
𝜕𝑡 + ∇O ⋅ 𝕁a �⃗�− 𝑤[ 𝜙 = 0

• Assuming 𝜕&𝜙 = 0, and ∇\𝜙 = 0, and since �⃗� is divergence-free 𝛻\ ⋅ 𝕁W�⃗� = 0 :

𝜕𝕁W
𝜕𝑡

= ∇\ ⋅ 𝕁W𝑤[

• The above relation is typically referred to as the geometric conservation law in the literature [7]. 

• The inability to satisfy this property leads to false (numerical) dynamics polluting solution [8].



Advantage of spherical geometry representation of velocity space

3/17/21 |   40Los Alamos National Laboratory

• Trivial representation of Maxwellian distribution (rotationally invariant)

𝜕b[𝑓U = 𝜕c[𝑓U = 0

• Automatic enforcement of zero work constraint of Lorentz force, �⃗� ⋅ �⃗�×𝐵 = 0:

∇dL ⋅ �⃗�×𝐵 𝑓 𝕁T$ = ∇T$ ⋅ 𝕁T$
̅̅𝐽T$ �⃗�J×𝐵

= 𝝏𝜽𝒑 𝕁𝒗𝒔�̇�𝒑𝒇 + 𝝏𝝓𝒑 𝕁𝒗𝒔�̇�𝒑𝒇

i.e., a simple rotation operator in the velocity space. Thus, we discretely enforce the zero work constraint automatically: 

𝑣, 𝜕b2 𝕁T$ �̇�[𝑓 + 𝜕c2 𝕁T$�̇�[𝑓 gT$
= 0
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• The new capability is being implemented into the VISION code, written with the Julia language 
– Allows for rapid development and high performance.
– All results shown were generated in only 7 weeks of dev. time.

• 3D3V, fully conservative (mass, momentum, energy), hybrid grid, implosion capability, and planned 
to be electromagnetic. Plenty of lessons learnt from iFP applied (expedited development time-scale)

• MPI wrapper to Julia for distributed parallelism 

Vlasov ImploSION



Hybrid (with electrons) electrostatic test with conservation
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Mesh is deforming

• IC

– 𝑛! = 𝑛 𝜉, 𝜏 = 0 = 1 + 𝑟𝑎𝑛𝑑 ∗ 0.5 𝑠𝑖𝑛 2𝜋𝑥

– 𝑢! = 𝑢 𝜉, 𝜏 = 0 = 0

– 𝑇! = 𝑇Y,! = 𝑇 𝜉, 𝜏 = 0 = 1

– 𝑓! =
CO

hijO
P
Q
𝑒𝑥𝑝 − T;HO Q

hjO

• BC
– Periodic	in	x	and	y

• 𝑥 = 𝑥 𝜉, 𝜏 , 𝑦 = 𝑦 𝜉, 𝜏
– 𝑥 = 𝑥R +

S+.
T
sin 𝑘*𝜉@ sin𝜔-𝑡

– 𝑦 = 𝑦R +
SE.
T
sin 𝑘@𝜉* sin𝜔-𝑡



Conservation is ensured to round-off per theorem 
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Note: These are relative errors 
and the initial momentums are 
round-off. 

𝔼 =
𝕁W𝜙 & − (𝕁W𝜙) i (

(𝕁W𝜙) i (



Gyrating blob (no electrons, in-plane magnetic field)
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• I.C

– 𝑓! = 𝑓 �⃗�, �⃗�, 𝜏 = 0 = g R;!.l,m;!.l

hijO
P
Q

𝑒𝑥𝑝 − TQ

hjO

– 𝑇! = 𝑇 �⃗�, 𝜏 = 0 = 0.1;	𝐵R = 5ß 2𝑟% =
hETU%
no ~0.1265

2rc



∫ 𝒅𝟑𝒗 𝒗𝟐

𝟐
𝛁𝐯 ⋅ 𝒗×𝑩 = −∫ 𝒅𝟑𝒗 𝒗 ⋅ 𝒗×𝑩 = 𝟎 is trivially ensured in spherical velocity space geometry
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𝔼 =
𝕁W𝑈 & − (𝕁W𝑈) i (

(𝕁W𝑈) i (



Mach 5 shock with BGK collision operator (no electrons):
Correct Hugoniot jump conditions recovered (discrete conservation enforced)
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GCL test with Cylindrical Implosion & Dirichlet BC
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Initial Condition Later time

implosion

GCL is satisfied to round-off with everything turned on 
(streaming, moving phase-space grid, collisions, electrons, etc.)



Cylindrical Van-Dyke/Guderley Problem (no electrons):
Symmetric Implosion achieved without significant grid imprinting.
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Initial condition Converging phase Reflection phase
Elastic moving wall 
acts as a piston.



Decent agreement with semi-analytical Guderley solution in 
cylindrical geometry.
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Dashed blue lines: Guderley solution for converging shock



kinetic effects captures order of magnitude correction in yield and brings
inferred temperature closer to experiment
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Obs. LILAC 
(Rad hydro)

iFP Experiment (95500)

TDD (keV) 21.3 15.2 13.1

TDT (keV) 19.9 17.2 14.2

YDD 1.77x1011 1.74x1010 1.44x1010

YDT 3.67x1013 1.84x1013 1.54x1013

DT inferred temperature DD inferred temperature

iFP

LILAC

data data

iFP

LILAC


